Chapter 3 Fourier Series
Def. Periodic function

Afunction f(t)eR,If f(t+2p)=f(t), forany t,then f isa periodic
function with the period 2p.

EX. sin(wt) =sin[a)(t+2—”)] Is a periodic function with the period 2—”.
w w

Ex. f(t)=c is periodic function with the period 2p, peR.

1, cosﬂt, sinlt, sin 7t are linearly independenton R, te(0,2p)
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Then a real and continuous function f(t), te(0,2p), can be

approximated as
f(t)= a0+a1cos—+blsm—t+ .a, cosn—t+b smn—ﬁt
P P p
such that the least square
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to be minimum.

The conditions of E to be minimum are S—E_o and %:o:
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Similarly,
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aO:Z_pJ.O f(t)dt, a == j f(t)cos—dt b_—j f(t)sn—dt

Ex. Expand the functlon

—-r<t<0 . . .
()= § into the Fourier series, p=7z
sint O<t<r

f(t)=a,+a,cost+bsint+...a, cosnt+b, sinnt
where
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bi=—I f(t)sm(lt)dt:—j S|nt5|n|tdt=—j [cos(i —1)t —cos(i + 1)t]dt
0 0 0

1/2 i=1

1 (» )
=—| cos(i—-1tdt =
Zﬂjo (i-1) { 0 i=-l

1 n : 1 ¢7 . . 1 7. . -
a; =;jo f (t) cos(it)dt ZEJO sint cositdt :EIO [sin(—i)t +sin(i +1)t]dt

8,=0
1 . cos(l—i)t cos(l+i)t 1 1-cos(l- I)7z 1-cos(l+1i)z
aiz—{_ - - - }| = 1 }
2 1-i 1+i 2r 1-i 1+i
1 r1+cosi7z+1+cosi7z 1+cosiz 1+( 1)’
27" 1-i 1+i 7(1-i%)  z(1-i?)

sint 2 cos2t cos4t cos 6t

f(t)__ > 23 5 g )

Hw. Find the Fourier series of the following functions

a) f(t)=t, —z<t<z,b) ft)=t*, -z<t<r

0 —7r<x<0
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c) f(t):{

O<x<rx

8If f(t)=f(-t),then f issymmetric
If f(t)=-f(-t),then f Iisskew-symmetric

If f issymmetric, then

7t nz nszt
f(t)= ao+aicos—+blsm—+ .a, cos—+b sin——
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f(t)=f(-t)=4a, +aicos——b15|n—t+ .a, cos——b smn—”t
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implies b =0 and
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If f isskew-symmetric, then

f(t)= ao+aicos—+blsm—t+ .a, cosn—+b smn—7Zt
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implies a =0 and
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Ex. f(t)=4-t* —2<t<?2
mt 3t
f(t)=a,+ aicos(?) +a,(7t) + aS(T) +a,(27t)+..
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§ Half-Range expansion
Theorem. (Half-range sine expansion)

If f(t), originally, defined for 0<t<p, is extended to the interval
—-p<t<p asanoddfunction f(-t)=-f(t) for —p<t<p. Then the odd

function g(t) is given by

(~f(-t) —p<t<0
g(t)‘{ f(t) 0<t<p

then for the half-range sine expansion of the extended function,
f(t)zibisin%, _p<t<p
i=1

where

b _—j f(t)smﬂdt
Theorem. (Half-range cosine expansion)

If f(t), originally, defined for 0<t<p, is extended to the interval
—-p<t<p asanoddfunction f(-t)=1f() for —p<t<p.Then the odd

function g(t) is given by



C(f(-t) —p<t<0
g(t)_{f(t) 0<t<p

then for the half-range sine expansion of the extended function,
f(t)=a0+§:ai cos%, —p<t<p
i=1

where
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Ex. Find the sine and cosine expansions of f(t)=t for 0<t<z

a. Sine f(t)=)_bsinit, —-r<t<z

i=1

where

b = 2 j “tsin(it)dt = _2 j “td cos(it) = —_i[t cos(it)|} - j " cos(it)dt] = 3(—1)”1
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b. Cosine f(t)=a,+3 a cos(it)

i=1
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a, == ["teos(itdt == > [tsin(t)[ - ["sin(it)dt] = = 3 cos(it) = ~—[1~(-1)]
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Hw. Find the sine expansion and cosine expansion of the function
sint O<t<x/2
f(t)=
0 #l2<t<rx

Hw.

(a) what is the half-range sine expansion of the function f(t)=t?,

0<t<1
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© Using the integration of (a) to show that 1+3—4+5—4+7+....=%

§ Complex form
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O/rt

:_j f(t)dt_—j ft)e' ® dt=c,

Ex. Find the complex Fourier series representation of

0 O0<xx1
f(t)=
11<x<4
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Hw.
(a) Find the complex form of the Fourier series of the function

1 O<t<1l
f(t)=
-1 1<t<?2

(b) Find the particular solution of y"+3y'+2y = f(t)



